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SHADOWABLE POINTS 


C.A. MORALES 


Abstract. We define shadowable points for homeomorphism on metric spaces. 
In the compact case we will prove the following results: The set of shadowable 
points is invariant, possibly nonempty or noncompact. A homeomorphism 
has the pseudo-orbit tracing property if and only if every point is shadow- 
able. The chain recurrent and nonwandering sets coincides when every chain 
recurrent point is shadowable. Minimal or distal homeomorphisms of com¬ 
pact connected metric spaces have no shadowable points. The space is totally 
disconnected at every shadowable point for distal homeomorphisms (and con¬ 
versely for equicontinuous homeomorphisms). A distal homeomorphism has 
the pseudo-orbit tracing property if and only if the space is totally discon¬ 
nected (this improves Theorem 4 in HD- 


1. Introduction 

Let f : X ^ X he a homeomorphism of a metric space X. If 5 > 0 we say that a 
bi-infinite sequence ^ = {^n)n& of A is a S-pseudo-orbit if d{f{^n),^n-i-i) < d for all 
n S Z. We say that ^ can be S-shadowed if there is x G A such that d{f^{x), < <5 

for all n £ Z. We say that / has the pseudo-orbit tracing property (abbrev. POTP) 
if for every e > 0 there is 5 > 0 such that every (5-pseudo-orbit can be e-shadowed. 
Homeomorphisms with the POTP have been widely studied m. la¬ 
in this paper we will study the following concept closely related to that of abso¬ 
lutely nonshadowable points [12]. It splits the POTP into individual shadowings. 

Definition 1.1. A point x € X is shadowable if for every e > 0 there is 5 > 0 
such that every 6-pseudo-orbit f with fa=x can be e-shadowed. 

Here are some examples, where Sh{f) denote the set of shadowable points of /. 

Example 1.2. Clearly if f has the POTP, then Sh{f) = X (i.e. every point is 
shadowable). The converse is true on compact metric spaces by the next theorem. 
As we shall see, the identity of the circle has no shadowable points. Examples where 
Sh{f) is a proper nonempty set will be given later on. 

We give some properties of Sh{f) through the following standard definitions. 
We say that a point x G A is nonwandering if for every neighborhood U oi x there 
is /c G N+ such that f^{U) O t/ 0. We say that x is chain recurrent if for every 
p > 0 there is a p-chain from x to itself, i.e., a finite sequence {xi : 0 < i < n} 
satisfying xq = x, Xn = y and d(/(xi), Xi+i) < p for all i with 0 < i < n — 1. 
Denote by H(/) and CR{f) the set of nonwandering and chain recurrent points of 
/ respectively. We say that A C A is invariant if /(A) = A. 

With these definitions we can state our first result. 
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Theorem 1.3. Let f be a homeomorphism of a compact metric space X. 

(1) Sh{f) is an invariant set (possibly nonempty or noncompact). 

(2) f has the POTP if and only if Sh{f) = X. 

(3) IfCRif) C Shif), then CR{f) = 

Recall that a homeomorphism f : X ^ X is minimal if the orbit {/"(a;) : n € Z} 
of every point cc G X is dense in X. It is well known that a minimal homeomorphism 
of a compact connected metric space with more than one point does not have the 
POTP [1], [To]. Adapting the arguments in [1] we can prove the following. 

Theorem 1.4. A minimal homeomorphism of a compact connected metric space 
with more than one point has no shadowable points. 

Recall also that / is distal if inf„gz (i(/"(a;),/”(y)) > 0 for all distinct points 
x,y & X. We say that X is totally disconnected at p G X if the connected compo¬ 
nent of X containing p is {p}. As in |5] we define 

= {p g X : X is totally disconnected at p}. 

With these notations we obtain the following result. 

Theorem 1.5. If f : X ^ X is distal homeomorphism of a compact metric space 
X, then Sh{f) C 

Let us state some short corollaries of Theorem o Likewise the minimal, the 
distal homeomorphisms of a compact connected metric space with more than one 
point do not have the POTP OP, nnj. This motivates the following result. 

Corollary 1.6. A distal homeomorphism of a compact connected metric space with 
more than one point has no shadowable points. 

Proof. Clearly, a connected space with more than one point has no totally discon¬ 
nected points. Then, there are no shadowable points for distal homeomorphisms 
on such a space too by Theorem 11.51 □ 

The second corollary deals with compact metric spaces exhibiting distal home¬ 
omorphisms with the POTP. Recall that X is totally disconnected if X = 

Every totally disconnected compact metric spaces exhibits a distal homeomorphism 
with the POTP (e.g. the identity, see Theorem 2.3.2 p. 79 in (2). Conversely, we 
obtain the following result. 

Corollary 1.7. Every compact metric space exhibiting a distal homeomorphism 
with the POTP is totally disconnected. 

Proof. The existence of a distal homeomorphism with the POTP implies that every 
point is shadowable. Then, the space is totally disconnected by Theorem 11.51 □ 

It is worth to note that every distal homeomorphism with the POTP of a compact 
metric space is uniformly conjugate to an adding-machine-like map |8]. Theorem 
11.51 also implies the following result. We say that a homeomorphism / : X —)• X 
has the almost POTP if Sh{f) is dense in X. As in Definition 1 of |S] we say that 
the space X is almost totally disconnected if X®*®® is dense in X. 

Corollary 1.8. Every compact metric space X exhibiting a distal homeomorphism 
with the almost POTP is almost totally disconnected. 
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On the other hand, Theorem 11.51 motivates the question if Sh{f) = for all 
distal homeomorphisms f : X ^ X. Partial positive answers on compact connected 
metric spaces with more than one point are given by Corollarv ll.61 or by Theorem 
1 1.41 in the transitive case (because, in such a case, / is minimal). In these cases we 
get Sh{f) = X^^s = 0. 

Another partial positive answer is as follows. We say that a homeomorphism 
f : X ^ X is equicontinuous if for every a > 0 there is /3 > 0 such that x,y G X 
and d{x,y) < f3 imply d{f^{x),f^{y)) < a for all n G Z. It is easy to see that 
every equicontinuous homeomorphism of a compact metric space is distal. For such 
homeomorphisms we have the following result. 

Theorem 1.9. If f : X ^ X is a equicontinuous homeomorphism of a compact 
metric space X, then Sh(f) = 

From this we obtain the following corollary extending the conclusion of Theorem 
4 in to distal homeomorphisms. 

Corollary 1.10. Let X be a compact metric space and f : X ^ X be a distal 
homeomorphism. Then, f has the POTP if and only if X is totally disconnected. 

Proof. If / has the POTP, then X is totally disconnected by Corollary 11.71 Con¬ 
versely, if X is totally disconnected, then / is equicontinuous (e.g. Corollary 1.9 in 
[U) so Sh{f) = X (by Theorem ll.9l) thus / has the POTP (by Theorem 1 1.31) . □ 

In particular, we obtain the following result supporting Corollary 11.81 

Corollary 1.11. There is a compact metric space exhibiting a distal homeomor¬ 
phism with the almost POTP but without the POTP. 

Proof. Take an almost totally disconnected compact metric space X which is not 
totally disconnected (e.g [7] or a cantoroid as in Definition 2 p. 70 of m- Then, the 
identity f : X ^ X (which is equicontinuous) has the almost POTP (by Theorem 
11.91) but not the POTP (by Corollary II. 101) . □ 

The author would like to thank professors B. Carvalho and D. Obata for helpful 
conversations. 


2. Proof of the theorems 

Let X be a compact metric space. We say that a sequence (a;„)„gz of X is through 
some subset K C X ii xq G K. We shall use the following auxiliary definition. 

Definition 2.1. We say that a homeomorphism / : X —>■ X has the POTP through 
K if for every e > 0 there is S > 0 such that every 6-pseudo-orbit of f through K 
can be e-shadowed. 

This definition is stronger than the POTP on K in which the shadowing is 
guaranteed for pseudo-orbits enterely contained in K only m . We shall use the 
following characterization in which i3[-,(5] denotes the closed h-ball operation. 

Lemma 2.2. A homeomorphism of a compact metric space has the POTP through 
a subset K if and only if for every e > 0 there is S > 0 such that every S-pseudo-orbit 
through B[K,6] can be e-shadowed. 
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Proof. Obviously we only have to prove the necessity. Suppose by contradiction 
that a homeomorphism / of a compact metric space X has the POTP through K 
but there are e > 0 and a sequence of ^-pseudo-orbits through B[K, 

which cannot be 2 e-shadowed. 

For this e we take 5 from the POTP through K. We can assume 5 < e. It 
follows from the definition that there is a sequence € K such that d(^Q, x^) < 
for all k G N’*'. As X is compact, / is uniformly continuous so we can fix k large 
such that max{d(/(^o)) \} < f ■ Once we fix this k we define the sequence 

i = (In)nez by 


f it if 

x^, if n = 0 . 


Clearly d{f (in), in+i) < ^ < S ior n ^ -1,0. Since 


d{f{i-i)Ao) = < dU{i-i),it + d{it^t <l + l = l<5 


and 

difiiolii) = dif{xt,ei) < difix^fHt) + d{fieo):ii) < ^ ^ 


we see that ^ is a (5-pseudo-orbit. Since € K hy definition we obtain that 

^ can be e-shadowed, namely, there is y G X such that d{f^{y),^n) < e for every 
n g1. 

Clearly d{f'^{y),^t) = d{f'^{y),in) < e < 2e for n 7 ^ 0. For n = 0 we obtain 

diriylit = diyAt < diy,xt+d{xteo) = divAo) + l<e+^-<2e 

thus d{f^{y),^t ^ 2e for all n G Z. It follows that can be 2e-shadowed, that is 
absurd. This contradiction proves the result. □ 


The proof of the lemma below is similar to Lemma 1 in [T]. 

Lemma 2.3. Let f be a homeomorphism of a compact metric space. Then, for 
every z G 0(/) fl Sh{f) and every e > 0 there are k G N’*' and y G X such that 
P^{y) G B[z, e] for every p G Z. 

Proof. Fix z G Ll{f)r\Sh{f) and e > 0. Let ^ > 0 be given by Lemma [2?^ for | with 
K = {z}. Obviously we can assume 6 < e. Since z G 0(/), there are x G X and 
k G N'*' such that x,f^{x) G B[z, |]. Now consider the sequence (xn)„gz dehned 
by Xpk+r = f^ix) for p G Z and 0 < r < k. Obviously (x„)„gz is a (5-pseudo-orbit 
with Xq G B[z,6], and so, by Lemma there is p G A such that d[P{y),Xn) < e 
for every n G 1. Taking n = pk with p G Z we obtain d{fP^{y),x) < |, and so, 
diF’^iy), z) < d{Fty), x) + d(x, z) < f -h f = e for all p G Z. □ 

Clearly if / has the POTP through K, then every point in K is shadowable. 
The converse is true when K is compact by the following result. 


Lemma 2.4. A homeomorphism of a compact metric space has the POTP through 
a compaet subset K if and only if every point in K is shadowable. 


Proof. By the previous remark we only have to prove the sufficiency. 

Let / : A —>■ A be a homeomorphism of a compact metric space A. For this we 
assume by contradiction that there is a compact subset K such that every point in 
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K is shadowable but / has no the POTP through K. Then, there are e > 0 and a 
sequence of -^-pseudo-orbits through K which cannot be 2e-shadowed. 

Since K is compact, we can assume that ■Co P some p G K. Since p G K, 
we have that K is shadowable. Then, we can take 5 > 0 from the shadowableness 
of p for the above e. We define the sequence by 


if n 7 ^ 0 
p, if n = 0 , 


k G N+. 


Clearly all such sequences are through {p}. Moreover, 

r if 

d(/(l^l),ln) = d{f{p),ei), if n = l 

[ d(/(C^i),p), if n = 0 

SO 

( i, if n 7 ^ 0,1 

d{f{p)Jim + h if n=l 
[ d{^^,p) + l, if n = 0 . 

As / is continuous and —>■ p, we obtain that is a (5-pseudo-orbit for k large. 
Then, for such a A: it follows that there is Xk G X such that d{f^{xk),in) ^ ^ for 
every n G Z. It follows that d{f'^{xk),^n) < e for n 7 ^ 0. Since 

d{xk,^o) < d{xk,p) + d{p,^o) < e + d{p,^Q) 

we have that d{f'^{xk),^n) ^ 2e also for n = 0 with k large. We conclude that 
can be 2e-shadowed for k large. This is a contradiction which completes the 
proof. □ 


We observe that this lemma is false if K were noncompact (by Remark 12.91) . 
Further properties of the shadowable points are given below. 

Lemma 2.5. The set of shadowable points of a homeomorphism of a compact 
metric space is invariant. 

Proof. It suffices to prove that if a; is a shadowable point of a homeomorphism 
/ : X —A of a compact metric space X, then so are f{x) and f~^{x). We only 
prove that f{x) is shadowable as the same proof works for f~^{x). 

Fix e > 0. Since X is compact, / is uniformly continuous so there is e' > 0 
such that d{f{y), f{z)) < e whenever y,z G X satisfy d{y, z) < e'. For this e' we let 
i5' > 0 be given by the shadowableness of x. Again X is compact so f~^ is uniformly 
continuous thus there is (5 > 0 such that d{f~^{y),f~^{z)) < S' whenever y,z G X 
satisfy d{y, z) < S. 

Now take a (5-pseudo-orbit (x„)„gz through f{x). It follows from the choice of 
(5 that is a ^'-pseudo-orbit which is obviously through x. Then, the 

choice of S' implies that can be e'-shadowed. So, the choice of e' 

implies that {xn)n& can be e-shadowed. This ends the proof. □ 

The following lemma is proved as in Theorem 3.1.2 of [2]. 

Lemma 2.6. If f is a homeomorphism of a compact metric space, then 

CR{f)nSh{f)cn{f). 
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Proof. Fix X G Sh{f) fl CR{f) and e > 0. For this e we let S be given by the 
shadowableness of x. Since x G CR{f), there is a d-chain {xi : 0 < i < k} 
from X to itself. Define the sequence f = (^n)nGZ by ^pk+i = Xi for p G Z and 
0 < i < k — 1. It follows that ^ is a d-pseudo-orbit through x so there is y € X such 
that d{f^{y),^n) < e for every n G Z. In particular, d{y,x) < e and d{f^{y),x) < e 
and so e]) fl B[x, e]) 7 ^ 0. As e is arbitrary, we get x G fl(/). □ 

As in theorems 2.3.3 and 2.3.4 of [5] we can prove the following. 

Lemma 2.7. If f : X ^ X is a homeomorphism of a compact metric space X, 
then Sh{f) = Sh{f^) for every fc G Z \ {0}. 

Proof of Theorem \1.4\ Let X he a, compact connected metric space with more than 
one point. Suppose by contradiction that there is a minimal homeomorphism / : 
X ^ X oi a compact connected metric space X exhibiting a shadowable point x. 
Fix e > 0. Clearly x is nonwandering and so we can apply Lemma |2.31 to obtain a 
point y and a positive integer k such that the full orbit of y under is contained 
in the e-ball B[x, e]. However, / is totally minimal (for the space is connected [6]) 
so is minimal too. It follows that the whole space is contained in B[x,e]. Since 
e is arbitrary, this implies that the space reduces to x which is absurd. This ends 
the proof. □ 

Proof of Theorem 14.51 We shall use the following facts about distal homeomor- 
phisms (j) : X ^ X on compact metric spaces X: Every x G Ai is almost peri¬ 
odic, i.e., for every neighborhood 17 of x there is a finite subset E C Z such that 
Z = E : {n G Z : (jp{x) G 17}. In particular, every x is recurrent in the sense that 
X G uj{x), where oj{p) = {q £ X ■. q — lim;_^oo (p) for some sequence n/ — >■ 00}, 
for every p G X. In particular, H{(j)) = X. 

To prove Sh{f) C for distal homeomorphisms f : X ^ X we use the 

argument in [1] (or Theorem II.5.5 of m) but with some modifications. Take z G 
Sh{f) and suppose by contradiction that z ^ Then, the connected component 

E of X containing z (which is compact) has positive diameter diam{F) > 0. Take 
0 < e < ^diam{F). Since / is distal, z G H(/). Then, by Lemma [231 there are 
k G N’*' and y G X such that f'^’^{y) G .B[z,e] for every n G Z. Define g = /^. 
Then, 

(2.1) g^(y)GB[z,e], Vn G Z. 

On the other hand, z G Sh{g) by Lemma [2771 Then, for the above e, we can choose 
(5 > 0 from Lemma with K = {z}. We can assume that 6 < e. Since F is 
compact and connected, we can choose a sequence y = pi,p 2 , - ■ ■ ,Pn G F such 
that d{pi,pi+i) <|forI<j<X—I and 

N 

(2.2) F g\J B[p,,S]. 

i=l 

Since z G F, we have z G B[pi^ , 5] for some 1 < iz < A^- But g is distal (for / is) 
so every pi is recurrent with respect to g. From this we can find positive integers 
c{i) {1 < i < N) such that d{pi, g'^^^\pi)) < | for all i. 

As in [T] we define the sequence rj by 
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Vi 

= 9\Pi) 

if z < 0, 

Vr 

= 9\Pi) 

if 0 < z < c(l) — 1, 

Vc{l)+i 

= 9\P2) 

if 0 < z < c(2) - 1, 

Vc{l) + -+c{N-2)+i 

= 9\PN-l) 

ifO<z<c(A- 

Vc{l)-\ - |-c(Ar-l)+i 

= 9\pn) 

if 0 < T < c(A) - 1 

^c(l)H - Vc{N)+i 

= 9\PN-l) 

if 0 < z < c{N — 

Vc{l)+2{c{2) + ---+c{N-l)}+c{N)+i 

= 9\Pi) 

if z > 0. 


Clearly is a J-pseudo-orbit of g and rjn^ = Piz ^ B[z,S], where 


Hz = c(l) H-+ c{iz - 1). 

Let ^ be the sequence defined by = gn+n^ ■ Clearly ^ is a (5-pseudo-orbit too but 
now through B[z, d]. Then, by Lemma lT^ there is a; S X such that d(g"’(x), < e 

for every n £ Z. Then, by taking 5 = g~'^‘[x) we obtain d{g'^{z),gn) < e for 
every n £ Z. Since each Pi £ g hy definition, we conclude that there are integers 
ni, • ■ • , un satisfying d{g^' {z),pi) < e for every 1 < i < iV. 

Next we observe that by taking c = c(l) + 2{c(2) -I- ■ • • -I- c{N — 1)} -1- c{N) we 
obtain 

d{g\z),g\y)) < e (for * < c(l) - 1) and 5*(2/)) < e (for z > 0). 

This combined with (EH) yields 

g\z) £ B[z, 2e] whenever i ^]c(l) — 1, c[. 

However, g is distal so z is recurrent with respect to g thus for every j s]c(l) — 1, c[ 
there is ij > c such that d{g^^ (z), g^ (z)) < e. 

Now take w £ F. It follows from (1^ that d{w,pi) < 6 for some 1 < z < TV. 
Then, d{g^{z),w) < d{g^{z),pi) + d{pi,w) < e + d < 2e, where j = rii. Now we 
have two cases: 

If j ^]c(l) — 1, c[ then 

d{w, z) < d{w, g^ (z)) + d(g^(z), z) <2t + 2e = 4e. 

If j s]c(I) — I, c[ then 

d(w, z) < d{w, g^ {z)) + d{g^ {z),g^^ (z)) -I- d(g*^ (-2), z) < 2e -I- e -f 2e = 5e. 

From these cases we conclude that F C H[z,5e] and so diam{F) < lOe. But 
this contradicts the choice of e so z G As z G Sh{f) is arbitrary, we obtain 

Sh{f) C and the proof follows. □ 

Proof of Theorem IT.ffI Every equicontinuous homeomorphism / : A —>■ A of a 
compact metric space A is distal so Sh{f) C by Theorem 11.51 Conversely, 
take p £ A'^®® and e > 0. 

Since / is equicontinuous, we can choose e' > 0 such that r,s £ X and d{r, s) < e' 
imply d(/’"(r),/"(s)) < e for all n G Z. 
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On the other hand, the proof of Proposition 3.1.7 in [3] implies that there is a 
clopen (i.e. open and closed subset) U of X with diamenter diam{U) < e' such that 
p G U. In particular, dist{U, X \U) > 0 and so we can take 

^ ^ ^ dist{U,X\U) ^ 

Again, since / is equicontinuous, we can choose i5 > 0 such that a,b G X and 
d(a, b) < 6 imply d{f^{a), {b)) < S' for all n € Z. 

Now take a 5-pseudo-orbit ^ with = p of f. 

By definition d(/(Co),6) < 5 so d{f{p),^i) < S thus d(/"+^(p),/”(Ci)) < S' for 
every n G Z. In particular, d{p, < S' by taking n = —1. Since {U,X\U} is 

a covering of X, we have either G U or G X\U. If G X\U, 

then 

25' < dist{X \U,U)< d{p, /-^(Ci)) < 5' 
which is absurd. Then, /“^(Ci) S U. 

Again d{f{^i),^ 2 ) < 5 so /"(^ 2 )) < S' for all n S Z. In particular, 

< S' by taking n = —2. Since {U,X \ {7} is a covering of X, 
we have either /“^(^ 2 ) G U or /“^(^ 2 ) G X \ U. If /“^(^ 2 ) G X \ U, then 

25' < dist{X \U,U)< d(/-HCi), /“'(C 2 )) < 5' 

which is absurd. Then, /“^(^ 2 ) G U. 

Repeating the argument we obtain /“"(Cn) G U for every n Gl. 

It follows that d{p, /~”(Cn)) < diam{U) < e' for every n G Z. Hence, the choice 
of e' implies d(/^(p),< e for all fc,n G Z. By taking k = n we obtain 
d{f"'{p),Cn) < e for all n G Z. Then, ^ can be e-shadowed (by the orbit of p). Since 
e is arbitrary, we obtain p G Sh{f) so C Sh{f) as desired. □ 

From this lemma we obtain the following example. 

Example 2.8. There are a compact metric space X and a homeomorphism f : 
A —>■ A such that Sh{f) is a nonempty noncompact subset of X. 

Proof. Define A = CU [1,2] with the topology induced from K, where C be the 
ternary Cantor set of [0, Ij. Clearly A'^®® = C \ {!}. Now take / : A —>■ A as the 
identity of A. Since the identity is an equicontinuous homeomorphism, we obtain 
Sh{f) = A'^®® by Theorem ll.9l Then Sh{f) = C \ {!}. Since C \ {1} is nonempty 
and noncompact, we are done. □ 

Remark 2.9. It follows from Examvle \2.8\ (with K = C \ {1} ) that Lemma \2Ji\ is 
false if K were noncompact. 

Proof of Theorem \l.fA Let / : A —>■ A be a homeomorphism of a compact metric 
space A. We have that Sh{f) is invariant by Lemma [2.51 There are homeomor- 
phisms / for which Sh{f) is nonempty and noncompact by Example 1 2.8 1 By taking 
A = A in Lemma [2.41 we have that / has the POTP if and only if Sh{f) = X. 
Finally, since H(/) C CR{f) we have that if CR{f) C Sh{f) then CR{f) = H(/) 
by Lemma [nisi This completes the proof. □ 
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